In the coherent state of the harmonic oscillator, the probability density is that of the ground state subjected to an oscillation along a classical trajectory. Senitzky and others pointed out that there are states of the harmonic oscillator corresponding to an identical oscillatory displacement of the probability density of any energy eigenstate. These generalizations of the coherent state are rarely discussed, yet they furnish an interesting set of quantum states of light that combine features of number states and coherent states. Here we give an elementary account of the quantum optics of generalized coherent states.
In the coherent state of the harmonic oscillator, the probability density is that of the ground state subjected to an oscillation along a classical trajectory. Senitzky and others pointed out that there are states of the harmonic oscillator corresponding to an identical oscillatory displacement of the probability density of any energy eigenstate. These generalizations of the coherent state are rarely discussed, yet they furnish an interesting set of quantum states of light that combine features of number states and coherent states. Here we give an elementary account of the quantum optics of generalized coherent states.
I. INTRODUCTION
The harmonic oscillator has a special significance in quantum mechanics due to its role as a bridge between the non-relativistic theory and quantum field theories. The equivalence of electromagnetic waves to a collection of non-relativistic harmonic oscillators provides the most direct route from quantum particles to quantum fields. There are many extra complications and difficulties to be encountered in quantum electrodynamics, but at the low energies relevant to quantum optics the direct connection to the harmonic oscillator is almost all that is required to begin the study of quantum light.
1
Given that all quantum states of single-mode (one wave-vector, one polarization) light are states of the quantum harmonic oscillator, we can expect some important quantum states of light to have been discovered early in the twentieth century, without their significance being fully appreciated at the time. It is nevertheless impressive that what has become known as the coherent state was identified by Schrödinger as early as 1926.
2 It is also remarkable that a natural generalization of the coherent state to a hierarchy of similar states is rarely discussed in quantum mechanics or quantum optics. The coherent state has a Gaussian probability density whose peak follows the sinusoidal trajectory ∝ sin(ωt+φ) of the classical particle. This leads to the description of the coherent state as a "displaced" ground state since its probability density differs from that of the ground state only through its oscillation in time. Senitzky showed in 1954 3 that the obvious generalization of the coherent state, in which any other energy eigenstate is displaced so that its probability density oscillates according to the classical trajectory, is also a solution for the harmonic oscillator. After brief attention in the 1950s, these displaced energy eigenstates were rediscovered in the 1970s.
4,5 Roy and Singh 6 introduced the designation "generalized coherent states" (GCS) for Senitzky's solutions, and their properties in quantum optics were discussed by Oliveira et al. 7 Nieto 8 provides a helpful history of the literature on GCS, which should be supplemented by Marhic's rediscovery, 5 often cited 9-15 as the original reference for these states. There have also been a few subsequent rediscoveries of GCS. [16] [17] [18] So-called "squeezed" versions of GCS, in which the probability densities pulsate in time as well as following a sinusoidal trajectory, have also been studied. 8, 13, [19] [20] [21] Interestingly, GCS have also been introduced independently in work on coupled field-matter systems, where they provide a useful set of basis states for some calculations. As our interest here is in the free oscillator, or single optical mode, we refer the reader to some relevant literature and the citations therein.
22-25
GCS are as basic and elementary as the coherent state, yet they receive scant attention in comparison. They provide a facinating set of quantum states of light that combines features of two stalwarts of quantum-optics courses: number states and coherent states. GCS are a natural and instructive accompaniment to the theory of coherent states, and as such they merit entry into the textbooks of quantum optics. Indeed, GCS are simpler than squeezed states, which are standard textbook material, and they are just as interesting from the theoretical point of view. Our aim here is to set out the basic quantum optics of GCS, in a manner accessible to any student with an elementary knowledge of single-mode quantum light. Currently the best single source for the quantum optics of GCS is Oliveira et al.'s analysis, 7 but some of the formulae there can be simplified and additional visualisations can be given. Moreover, the behaviour of GCS at a beamsplitter, which we discuss below, provides perhaps the most striking demonstration of how GCS combine properties of coherent states and number states.
II. GENERALIZED COHERENT STATES (GCS)
We consider the quantum harmonic oscillator with unit mass (m = 1) and Hamiltonian
and throughout we set = 
where x and p are the time-dependent expectation values of position and momentum in this state ψ n,α (x, t) = x|n, α :
In (2), n is a non-negative integer and H n (z) are the Hermite polynomials; the solution (2) also depends on an arbitrary constant complex number α = |α|e iθ that appears in (3) and (4) . Note that (2) is separated into an (x, t)-dependent amplitude and an (x, t)-dependent phase factor.
When α = 0, the solution (2) reduces to the energy eigenstates ψ n,0 (x, t) labelled by n (including their time dependence). The set of solutions (2) thus differs from the energy eigenstates in the following manner: the xdependence of the amplitude is displaced by the timedependent term (3) and the phase is displaced by an amount x p − 1 2 x p . The probability density of (2) (the square of the amplitude) therefore maintains exactly the shape of the static density |ψ n,0 (x, t)| 2 , but performs an oscillation in time that follows a classical trajectory. The dynamics of the states ψ n,α (x, t) are depicted in Figs. 1-3 for n = 0, 1, and 2.
For n = 0, the solution (2) is the coherent state. Schödinger's discovery of ψ 0,α (x, t) was motivated 2 by the desire to find a quantum state that would reproduce the classical motion at macroscopic scales. 26 For the coherent state, the Gaussian spread in x of the probability density becomes smaller as a fraction of the amplitude |α| 2/ω of its oscillation as |α| increases. The classical motion at macroscopic energies with trajectory x(t) = |α| 2/ω cos(ωt − θ) can then be viewed as an approximation to a coherent state with large |α|. This picture is validated in quantum optics by results that show the coherent state to be the closest state to a classical plane wave allowed by quantum mechanics.
1 Note that the same argument concerning the spread of the probability density as a fraction of the amplitude of its oscillation can be made for any GCS, since they all feature the same Gaussian factor e −ω(x− x ) 2 /2 . But the states ψ n,α (x, t) for n > 0 are not classical-like states. This will become clear in the quantum-optics setting of GCS, through their measurement properties and behaviour at a beamsplitter. In fact, the most interesting aspect of GCS is how they combine a "quantum number" α that imparts classical features to the state with a quantum number n that imparts quantum features.
The position and momentum operators for the oscillator are related to the creation and annihilation operators FIG. 1. The coherent state ψ0,α(x, t) with α = 3 and ω = 1. Top: the real and imaginary parts of the wave function plotted for one period 0 ≤ t ≤ 2π/ω. Note that the wave function acquires an overall sign change after one period 2π/ω; two periods are required for the wave function to repeat because of the zero-point energy term ωt/2 in the phase. Also shown is the classical trajectory with the same amplitude of oscillation. Bottom: the probability density.
Here we are using the Schrödinger picture and have included in (2) the time dependence of the energy eigenstates |n, 0 , so that we havê
The coherent state |0, α is an eigenstate ofâ (= ω/2(
an equation usually written for t = 0. The transition to single-mode quantum optics 1 is achieved through replacement of the positionx by the electric-field operator which is time-independent in the Schrödinger picture. The GCS |n, α then have electric-field probability distributions that are equal to the probability distributions for the position of the oscillator but with ωt replaced by ωt − kx − π/2. In Fig. 4 we plot the electric-field probability distributions for the first three GCS, which correspond to the position probability distributions in Figs. 1-3. The electric field of the coherent state |0, α has the familiar appearance of a plane wave with a noise band. For general GCS |n, α , the electric field shows n + 1 noise bands separated by n nodes. In the photon number states |n, 0 these noise bands do not oscillate, i.e. they show no dependence on the phase kx − ωt + π/2. Many of the properties of the number states |n, 0 are preserved by GCS |n, α with α > 0, as we shall see. The number of nodes in the electric-field probability distribution is thus the important signature of these properties, not the number of photons in the state; the latter is uncertain for GCS and can be of arbitrarily large average value for any n.
III. GCS AS A BASIS
Using the representation (2) one can verify that the orthonormality relation n, 0|m, 0 = δ nm for number states is preserved for GCS with the same complex amplitude 
For given n, however, GCS with different complex amplitudes are not orthogonal, as is familiar for the coherent state |0, α ; the general relation is
where L n (z) are the Laguerre polynomials. The overlap between two GCS with equal n thus becomes exponentially small as the difference |α − β| in their amplitudes increases, just as for coherent states. Ladder operators exist for the quantum number n of |n, α and are in fact given by displaced versions of the number-state ladder operatorsâ andâ † . Defininĝ
one can show using the representation (2) that
which are the generalizations of (6) and (7). The displacement (12) ofâ is effected by the displacement operator and GCS are displaced number states:
as is verified by showing that (17) and (16) imply (13) and (14) . It should not be surprising that |n, α for fixed α form a complete basis for single-mode states (just like number states), whereas |n, α for fixed n form an over-complete basis (just like coherent states). The relevant relations are
The completeness relation (18) follows immediately from (17) , but the over-completeness relation (19) is perhaps most easily verified using the number state expansion of |n, α below (equation (26)).
IV. EXPECTATION VALUES AND UNCERTAINTY RELATIONS
The results of the previous section give the electricfield expectation value and uncertainty in GCS:
(∆E(x, t))
where α = |α|e iθ as before. Note from (21) that the uncertainty in the electric field is identical to that in the related number state (it is independent of α). Note that the expectation value (20) and uncertainty (21) of the electric field does not convey the nodal structure of the electric-field probability distributions of GCS, as depicted in Fig. 4 . The quadrature operatorsX andŶ , defined bŷ
have uncertainties in GCS that are also identical to those in the related number state, as is easily verified.
For the photon number operatorN =â †â we obtain
Contrary to the electric field, we see from (24) that the uncertainty in photon number is independent of n and is thus identical to that in a coherent state with the same complex amplitude α. The relation between ∆N and the expectation value ofN is, however, different from the coherent state for n > 0, as is shown by (25) . Equation (24) shows the important property of coherent states (n = 0) that (∆N ) 2 is equal to 0, α|N |0, α . This property that the variance is equal to average value is a characteristic of the Poisson distribution, and the coherent state has indeed a Poissonian photon-number distribution 1 (the photon-number distributions for general GCS are given in the next section). Equation (24) also shows that (∆N ) 2 is less than n, α|N |n, α for n > 0, which means that GCS for n > 0 exhibit subPoissonian fluctuations, 1 i.e the fluctuations in photon number in measurements of the states are less than those of a Poisson distribution and thus less than those of a coherent state. The photon-number probability distributions for GCS are given below and indeed differ greatly from the Poisson distribution when n > 0. SubPoissonian fluctuations are a signature of nonclassical light.
1 It is not surprising that we find by this criterion that GCS for n > 0 are nonclassical; their nonclassical nature was already clear in Fig. 4 . Note from (25) that for all GCS the fractional uncertainty in photon number goes to zero as the amplitude |α| goes to infinity; the fluctuations approach Poissonian behaviour in this limit as we then have n + |α| 2 ≈ |α| 2 .
V. NUMBER-STATE EXPANSION AND PHOTON STATISTICS
GCS can be generated from the coherent state by using the creation operatorâ † α (see (14) ), or alternatively they can be generated from number states by using the displacement operatorD α (see (17) ). Either procedure allows the number-state expansion of |n, α to be calculated. It not a trivial matter to express the result in terms of special functions but one can verify that the number-state expansion is
where L m k (z) are generalized Laguerre polynomials. From (26) we see that the probability P k (n, α) of finding k photons in the GCS |n, α is given by
For the coherent state n = 0, equation (27) is of course a Poisson distribution and P k (1, α) can also be written in a simple form: The distributions P k (n, α) are plotted in Fig. 5 for n = 0, 1 and 2. The most striking feature of these distributions is a similarity of their general shapes to those of the electric-field probability densities (and thus to the probability densities of the harmonic-oscillator energy eigenstates). But note that that there are in general no nodes in the distributions P k (n, α), just local minima, and the relative sizes of the local maxima in P k (n, α) are also not the same as in the electric-field probability densities. Oliveira et al. 7 have given a phase-space interpretation of the oscillations in the photon-number distributions.
VI. SECOND-ORDER COHERENCE
Optical coherence is an extremely complicated subject 27 but basic measures of coherence are not difficult to define and calculate. First-order coherence is essentially a measure of correlations of the electric field in the beam, while second-order coherence is a measure of intensity correlations. The correlation function of the electric field, the average E((x 1 , t 1 )E((x 2 , t 2 ) of the product of the electric field at two space-time points, becomes in quantum optics an expectation value quadratic in the annihilation and creation operators (see (9)). Similarly, in quantum optics the intensity correlation function I((x 1 , t 1 )I((x 2 , t 2 ) takes the form of an expectation value quartic inâ andâ † . The ordering ofâ and a † in these expectation values is chosen to correspond to expressions for measured intensities.
1 When the resulting expectation values are normalized, so that they take the value 1 when all space-time points coincide, they form the quantum measures of first-and secondorder coherence, respectively. The resulting degree of first-order coherence, denoted by g (1) (x 1 , t 1 ; x 2 , t 2 ), simplifies greatly for a plane parallel single-mode beam such as a GCS. In fact, for such beams it is always the case that |g
(1) (x 1 , t 1 ; x 2 , t 2 )| = 1, and the beam is said to be first-order coherent.
1 The second-order coherence function, denoted g (2) (x 1 , t 1 ; x 2 , t 2 ), takes the following simple form for a plane parallel single-mode beam
This expression is easily rewritten in terms of the photon number operator and can then be evaluated for GCS using (23) and (24), as follows:
A beam is said to be second-order coherent if g (2) = 1 in addition to |g
(1) | = 1, which for GCS occurs only for the coherent state n = 0. For n > 0, GCS have g (2) < 1, which is another signature of nonclassical light. 1 In the limit n → ∞, or in the limit |α| → ∞, GCS approach second-order coherence g (2) → 1. For given n, g (2) for GCS is minimized by the number states α = 0. Interestingly, for given α > 0 the minimum in g (2) is at the value of n closest to |α| 2 ; from (23) we see that this corresponds to an equal contribution from n and α to the average photon number in the state. If |α| 2 is an integer this minimum in g (2) for fixed α > 0 is
VII. BEHAVIOUR AT A BEAMSPLITTER
The results so far have shown that GCS combine features of coherent states and number states. This is perhaps most vividly illustrated by the behaviour of the GCS |n, α at a beamsplitter, where we will find that the "α" part of the state behaves like a coherent state and the "n" part behaves like a number state. We consider a symmetric beam splitter with input arms 1 and 2, and output arms 3 and 4 (see Fig. 6 ). The beamsplitter input-output relations are given by
where R and T are the complex reflection and transmission coefficients. These are the relations that would be satisfied classically by the complex amplitudes of the electric field in the arms of the beamsplitter. Consider a GCS entering the beam splitter in arm 1, with arm 2 in the vacuum state. The input state is thus |n, α 1 |0, 0 2 , which can be written
In (35) the state |n, α 1 is built up from the number state |n, 0 1 , created using n factors ofâ † 1 , followed by the displacement operatorD 1α for arm 1, which creates the GCS from the number state as in (17) . Recall that we include the time dependence in the number states and in GCS. By substitution forâ † 1 using (33) the number state |n, 0 1 is expressed in terms of the output modes in the standard manner:
It is also a standard result 1 that the displacement operator (36) for arm 1 becomes a product of displacement operators in the output arms when (33) is employed: D 1α =D 3RαD4T α . Using this last result and (37) in (35) gives
For α = 0, the right-hand side of (38) gives the familiar superposition of number states in the output arms of the beamsplitter, produced when a number-state is sent into one arm. For n = 0, the result (38) is the familiar product state of independent coherent states in the output arms, produced by a coherent-state input. For general GCS with nonzero α and n, we have in (38) the remarkable result that the quantum number n of GCS behaves at a beamsplitter exactly like a number state with n photons, while the "quantum number" α behaves exactly like a coherent state with complex amplitude α. The quantum number n of GCS in no way measures the number of photons in the state; instead it measures the number of nodes in the electric-field probability distribution, and the number of local minima in the photon distribution. Yet the n of GCS produces the same entanglement at a beamsplitter as that produced by n photons. Each electric-field node in arm 1 has a probability amplitude R to be reflected into arm 3 and a probability amplitude T to be transmitted into arm 4, just like a photon. For the case of n = 1 we have from (38)
Thus, if the GCS in the middle plot of Fig. 4 is sent through a beam splitter and both output arms are measured, then one output arm will contain the same state as the input, but with reduced amplitude, while the other output arm will contain a coherent state. Results like (39) are particularly interesting because the input GCS in this relation can have arbitrarily large (average) energy, yet it produces the same entanglement at the beamsplitter as a single photon.
VIII. GENERATION OF GCS
Returning to the case of the quantum harmonic oscillator, let us recall the exact solution for dynamically generating Schrödinger's coherent state from an initial ground state. 28 The coherent state is generated from the ground state by acting on it with the displacement operator (equation (17) with n = 0). The time-development operatorT (t, t 0 ) takes the state |ψ(t 0 ) at time t 0 to the state |ψ(t) at time t: |ψ(t) =T (t, t 0 )|ψ(t 0 ) . It follows that to generate the coherent state from the ground state, the time-development operator must be equal to the displacement operator, up to phase factors. If the oscillator is subjected to a classical external force f (t), which corresponds to adding a term f (t)x to the Hamiltonian (1), then the dynamics can be solved exactly and the resulting time-development operator is
whereĤ 0 is the Hamiltonian without the external driving term f (t)x (i.e. the Hamiltonian (1)), ζ(t, t 0 ) is given by
and the c-number real phase β(t, t 0 ) is given by
(42) If the initial state |ψ(t 0 ) is an energy eigenstate, then (40) shows that the driving force gives a timedevelopment operator that is a displacement operator (15) , up to a c-number phase factor. Thus the oscillator is driven into a coherent state by a classical external force if |ψ(t 0 ) is the ground state, an important and wellknown result in quantum mechanics. 28 From (17) we also find that a classical external force will drive the oscillator into the GCS |n, α , with α determined by the external force and the interaction time, if the initial state is the energy eigenstate |n, 0 .
The foregoing results apply also to single-mode quantum light interacting with a classical external current j, since the coupling term in the Hamiltonian is j ·Â, wherê A is the vector potential operator. 28 There are differences in the formulae due to the spatial dependence of the quantum fields and the fact that the current is coupled toÂ rather thanÊ = −∂ tÂ , but the calculation goes through as before 28 and thus a GCS can be generated by acting on a number state with a classical external current. This fact was noted by Oliveira et al., 7 who point out that the preparation of number states can be carried out in a cavity, which can then be driven by a current that is classical up to negligible quantum fluctuations. It appears however that quantum-optical GCS have yet to be generated experimentally, though GCS of a quantum oscillator consisting of a trapped ion have very recently been reported. 29 
IX. CONCLUSIONS
We have given a basic description of generalized coherent states (GCS) in quantum optics. These states are an interesting and natural accompaniment to presentations of number states and coherent states. GCS combine features of number states and coherent states in a nontrivial manner. The electric-field probability distributions of GCS show the phase oscillation of coherent states but also contain nodes that behave like single photons. This allows GCS to have macroscopic energies while still having some of the properties of few-photon number states. ACKNOWLEDGMENTS I thank S. Horsley for helpful discussions. I am also indebted to E. K. Irish for information on literature.
